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Abstract. In this paper, the two following fundamental questions in solid mechanics are answered by extending quantum-mechanical rules to macro level:
1. Why cannot both kinetic and kinematic quantities be known on a boundary point?
2. How does kinematic boundary data transfer over the continuum?
For this purpose, the simple two-node bar finite element is introduced as a two-level quantum system (qubit); hence, two bar elements which are attached in series constitute an entangled two-qubit system. When a nodal or internodal kinetic/kinematic boundary condition (BC) is established (i.e. a quantum measurement is performed), the system collapses in a new state. A simple bar (discretized by finite element method) might thus be considered as a set of some entangled two-element systems, which successively collapse in new states when kinetic/kinematic BCs are consecutively applied. Through such a process, boundary kinetic/kinematic information transfer along the whole bar and the static analysis is implemented. 
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Introduction
Linear elastic static analysis is the simplest among various kinds of structural analysis procedures. In such procedures, the spatial domain of the structure is defined as a continuum with a volume V in a Lagrangian framework. Static analysis is aimed at finding some unknown fields which can be divided into two general kinetic (stress σ, or internal force p for 1D analysis) and kinematic (displacement u, and strain ε) groups. The continuum separated from the environment inevitably has a boundary Ω which, for mathematical formulation, is split into a kinematic part Ω d and a kinetic part Ω p . While Ω d is described by its known kinematic (e.g. displacement) and unknown kinetic (stress or force) fields, Ω p is characterized by its unknown kinematic and known kinetic fields, i.e.
The paper is firstly aimed at finding a reason for the latter relation. That is, it seeks for a response to the following simple, but fundamental question:
1. Why cannot both kinetic and kinematic quantities be known on a boundary point? Kinematic and kinetic boundary conditions (BCs) are mathematically known as Dirichlet and Neumann BCs, respectively; the structural BC defined for a continuum might then simply be considered as a mixed BC (Cooper 1998) . There is another BC, known as Cauchy BC, which is defined as a linear combination of both Dirichlet and Neumann BCs (Weisstein 2014) . The physical description of such BC is a spring attached to the boundary point. It is clearly possible to consider this spring as an ingredient of the volume V , and define a Dirichlet BC (zero displacement) for the end of the spring; thus, Cauchy BC is conveyed to Dirichlet one, and the above question is still valid. The finite element method (FEM) is supposed to be the best option for most structural analyses, especially the static one (Zienkiewicz 1989 , Reddy 1993 . In FEM, the spatial domain is discretized by a number of finite elements (FEs). When elements are assembled, the governing system of equations is established and nodal displacements along with other kinematic and kinetic unknowns are obtained. As a very simple example, consider the clamped bar in figure 1(a) with a static load p on its free end. For a FE analysis, the structure is discretized by some one-dimensional (1D) bar elements, and their stiffness matrices are assembled in order to retain nodal compatibility. After zero-displacement BC at the clamped end is enforced, the system of equations might be solved and nodal displacements are obtained. Though this procedure can efficiently find the solution with adequate accuracy, it may not effectively answer a second simple fundamental question: How does the free end adjust its displacement according to the BC at the other end. In other words,
How does kinematic boundary data transfer over the continuum?
It is clear that performing a simple dynamic analysis (with a very slow loading) may describe the progressive changes of different fields along the structure for our desired static loading case; however, the mechanism for kinematic boundary data transfer (before force at the other end is exerted) is unclear; i.e., in dynamic analysis, kinematic BCs (e.g. displacement = 0 at the left end of the clamped bar of figure 1(a) ) are exerted in the equations of motion a priori; now, the question is: how this kinematic boundary data transfers along the whole bar? Dynamic analysis is mute to explain the process of this kinematic BC data transfer along the structure.
This research tries to find answers for the two aforementioned questions, with the help of the concepts in quantum mechanics. It reveals the fact that, through the FE modeling of the structure, the continuum is replaced by some discrete elements whose behavior and interaction mostly resemble those of quantum particles with sub-atomic scales. Through such interactions, kinetic and kinematic information spreads along the whole structure.
In this paper, the FE discretized structure is introduced as a quantum system which may transfer information. It is therefore necessary to get familiar with some basic terminology in the field of quantum mechanics and information in section 2. The paper just focuses on the two-node bar element which, like a basic quantum particle, is a twolevel system. In section 3, a quantum concept for the two-node bar element is introduced, and some well-known quantum concepts such as spin, state, operator, measurement, etc are redefined for the bar FE. Section 4 presents a short argument on the quantization of strain. In section 5, the two elements that are attached in series will be introduced as a quantum entangled system. Entanglement, as will be shown in section 5, plays a fundamental role in data transfer between elements. In section 6, the static analysis of a simple clamped bar is performed according to the quantum concepts introduced in the previous sections, and the kinetic/kinematic data transfer from boundaries over the whole continuum is illustrated. Finally, some conclusions are made in section 7.
Introduction to some concepts in quantum mechanics
In this section, some expressions and terminology in the field of quantum mechanics and information, which are necessary for the next sections, are introduced (Benenti et al 2004 , Griffiths 2004 :
Quantum particle (qubit). It is a two-level quantum system described in a twodimensional Hilbert space, which may find different states. A generic state of the qubit may be written as where 0 = 1 0 and 1 = 0 1 are a pair of mutually orthogonal quantum states and form a basis for the space of system states. n-qubit system. It is a set of n qubits with a state in the 2 n -dimensional Hilbert space, which is constructed as the tensor product of n two-dimensional Hilbert spaces, one for each qubit:
The i states form a basis for the 2 n -dimensional Hilbert space. Specially, the general state of a two-qubit system I-II (n =2) (with the two qubits A and B) is described as
= a 00 00 + a 01 01 + a 10 10 + a 11 11 (2.3) where the shorthand notation
II is used in the last line. Therefore, the general state of a two-qubit system is written as a superposition of four basis states.
Observable. It is a measurable quantity of the system, which may determine the system state. In quantum mechanics, an arbitrary observable A is most often represented by a Hermitian operator A (which might be written as a 2 n × 2 n matrix). Measurement. The only possible outcomes of measurement for an observable A are the eigenvalues of operator A, a k . After measurement, the system collapses into the eigenvector corresponding to a k . When a k is a degenerate eigenvalue (an eigenvalue with different eigenvectors) of the operator, it can be said that, if a k is obtained by measurement, the system collapses in a superposition of the eigenvectors corresponding to a k .
Uncertainty principle. According to this principle, the two observables A and B, which are non-commuting, i.e.
may not be measured simultaneously. Such observables, in contrast to commutable ones, do not share the same eigenvectors. Therefore, when, for example, observable A is measured, the system collapses in an eigenvector of operator A which is not an eigenvector of operator B. Therefore, observable B is inevitably unknown until it is measured. This measurement causes the system to collapse, this time, in an eigenvector of B. Consequently, the previous measurement of A is disturbed, since the system does not reside in an eigenvector of A any more and observable A is not now well defined.
Quantum description for two-node bar element
In this section and the next ones, the proposed concepts are introduced through the static analysis of the simple bar structures shown in figures 1(a) and (b). To begin with, it is supposed that the whole bar is discretized by only a single two-node bar element. Postulate I. Two-node bar element is a two-level quantum system (qubit) with the generic state in equation (2.1) . Static analysis is performed with the purpose of finding unknown kinetic and kinematic fields within the continuum V (bar). In FE static analysis of the bar structure, nodal displacement vector d and nodal internal force vector p are considered as kinematic and kinetic variables respectively, and can be written in the following general form:
where d i and d j are nodal displacements, and p i and p j are nodal forces associated with the first and end nodes i and j. It is notable that d and p are defined in the nodal space (not the physical space). It is possible to normalize the coefficients of the basis vectors in equation (3.1) (and equation (3.2) ), just as is the case with quantum mechanics. Equation (3.1) must thus be written in the form:
The square of any coefficient, in this case, denotes the probability that the system collapses in the corresponding basis vector. Since the coefficients in the notation given by equation (3.1) are physically meaningful (they are nodal displacements), this notation is adopted in this paper. It is also possible to define the following virtual moment m in the nodal space of the element, as shown in figure 2:
Temporal variation of this moment produces a virtual momentum which, borrowing from quantum-mechanics nomenclature, might be named as element spin:
The s vector has three components s x , s y and s z , and a length equal to √ s 2 (It is recalled that in quantum mechanics, quantum spin has length equal to s(s + 1) where s is the spin quantum number.) Element spin s may also be written in terms of element basis as
Displacement D, force P and element spin S are the observables of the two-node element (structural qubit). As indicated in section 2, these observables might be represented by some operators. The continuous operatorû z in the displacement space can simply be defined asû
with −1 ξ 1.Therefore, the matrix representation for the displacement operator of the two-node bar element in the basis 0 and 1, over the nodal displacement space, is
The eigenvalues for this operator are d i and d j with corresponding eigenvectors 0 and 1. These two vectors form a basis for the nodal displacement space, and are known as nodal basis henceforth. The differential operator for the internal force iŝ
where E is the modulus of elasticity, and A is the area of element section. The matrix form of this operator in the basis 0 and 1 is
where p i and p j are the internal forces corresponding to the nodes i and j. The eigenvalues of this operator are 0 and EAε with the corresponding eigenvectors υ = 1 1 and χ = −1 1 respectively, and ε is the strain of the element center point. The two vectors have clear physical interpretation; while the first one, υ, corresponds to a rigid body motion, the latter, χ, represents a constant strain for the two-node bar element. These two vectors, which form a basis for the nodal displacement space, are denoted as central basis henceforth. Element spin operators might simply be duplicated from those of a quantum particle as below (Griffiths 2004) :
where h = d(p ε q)/dt; p ε and q are defined later, and turned out to be quantized entities (refer to section 4). It should be noted that the observables P and D, as well as S , might have all the three components x, y and z; however, since the component z is only used in the analysis, D z and P z are written without their subscripts. Actually, the operators introduced in doi:10.1088/1742-5468/2015/02/P02017equations (3.7) and (3.9) are displacement and force operators corresponding to the z component.
Displacement, force and spin of the element can also be written in terms of central basis as below:
where L is the length of the bar element. q and ε denote the displacement and strain of the element center point, respectively, and p q and p ε are their corresponding forces.
To interchange operator forms between nodal and central bases, the following transform matrix is employed:
This matrix can be used in its unitary form, as is the case with quantum mechanics. Using the above transform matrix, the following displacement and force operators in the central basis, D q and P q , are obtained from their counterparts in the nodal basis, D (equation (3.7)) and P(equation (3.9)), through matrix transformation (Benenti et al 2004) , as below:
Force operator in this basis becomes 3.19) where p q = p i + p j = 0 represents the static equilibrium equation for the bar element. The above matrix is the diagonal form of operator P in equation (3.9) with: (3.20) It should be remembered that in the well-known structural matrix notation, the observables D and P are defined as vectors d and p rather than matrix operators D and P. The two vectors are associated with each other in the basis 0 and 1, according to the well-known stiffness relation:
If equation (3.21 ) is pre-multiplied by G T and since GG −1 = I , it can be written that
which gives the stiffness matrix in the central basis (υ and χ) as 3.23) where 3.24) and 3.25) and the stiffness matrix in the central basis, K q , has the following diagonal form: Let us now solve the static problem shown in figure 1(a). As mentioned before, a twonode bar element, which is represented by its two nodes, resides in the general state of equation (2.1). The displacement, force and spin observables can thus be written according to the states described by equations (3.1), (3.2) and (3.4) respectively. In this problem, zero-displacement BC must initially be enforced and then, the force BC at the free end is exerted. From postulate II, zero-displacement BC enforcement must be considered as a displacement measurement, which causes the element to collapse in an eigenstate of D, equation (3.7), according to postulate III. Since the first end is clamped, it is clear that the element displacement finds the following state after displacement BC is established:
(3.27) Therefore, the element resides in the state 1. However, what can be said about the force? Since 1 is not an eigenvector of P, no exact judgment is possible about the force observable, unless a force measurement (i.e. force BC enforcement) is made; however, as soon as the force BC is exerted, the element collapses in an eigenvector of the force operator, equation (3.9) , which might be υ with the eigenvalue p q = 0 or χ with the eigenvalue p ε = EAε. While the probability for the first state is p This outcome is clearly expected, since the state υ does not satisfy the static equilibrium principle; it simply means that the nodal forces cannot point to the same direction. The eigenvalue corresponding to υ (which is the resultant of the nodal forces) must thus be zero, so that the probability for such impossible state vanishes. Therefore, the outcome of the force BC is inevitably χ with the eigenvalue p ε = EAε which represents the elastic constitutive law for the bar element. In fact, the eigenstates of the force operator for the bar element implement the static equilibrium principle and the elastic constitutive law. Now, it is shown that force measurement (exerting force BC) disturbs the previous displacement measurement. After that the displacement BC is enforced, the element is in the state described by equation (3.27) . When load p is exerted at the free end as shown by figure 1(a) , the element force collapses in the eigenstate χ with the eigenvalue p ε = 2p. According to equation (3.20) , the element mid-point strain becomes ε = 
in the nodal one; i.e. the element displacement is now
1, with the probabilities for both states 0 and 1 being nonzero. The displacement is therefore not in the state d = d j 1 any more, as was the case in equation (3.27) . This shows that the displacement measurement (displacement BC) got disturbed by the force measurement (force BC enforcement), such that it is necessary to exert the displacement BC once again. In section 6, it is shown how the static analysis might be implemented by enforcing displacement and force BCs successively.
Let us now solve the static problem shown in figure 1(b) , where force BCs are only applied to the element nodes. After any force measurement, the element collapses in the eigenstate χ of P; however, since χ is not an eigenvector of D, no certain judgment can be made for element displacement. The probability of the eigenstate 0 is d
. Moreover, the expectation value for the displacement operator D is 0. It can thus be deduced that the two nodes have the same displacements with opposite directions.
From the above discussion, it is realized that an uncertainty exists in the force and displacement measurements of the bar element. Actually, as the operators P and D are non-commuting, [D,P] = DP − PD = 0, it is not possible, as a consequence of the uncertainty principle, to measure them simultaneously. According to postulate II, this means that both displacement and force BCs may not be exerted at the same time. In other words, when the element resides in an eigenstate of the displacement or force observable, no certain judgment can be made about the other one, unless the BC for the latter is enforced; however, this will inevitably disturb our knowledge about the first one. This uncertainty is the key point to the response of the first question in section 1. In fact, displacement and force may not both be considered as known BCs, since they may not be measured (exerted) simultaneously. Figure 3 depicts the discussed uncertainty principle for the bar FE. It is shown that P and D observables may not be measured at the same instant. As shown by the figure, any force or displacement measurement in the nodal basis is equivalently a BC enforcement, as described by postulate II. However, the interesting point is that the measurement in the central basis is alternatively equivalent to enforcing the fundamental laws governing the system. Displacement measurement in the central basis might be interpreted as enforcing the kinematic relation, which is simultaneously performed along with the displacement BC exertion. On the other hand, force measurement in the central basis, as illustrated by the figure, implements the fundamental principle of static equilibrium and the elastic constitutive law, which are both satisfied along with the force BC enforcement. It is therefore observed that the kinematic relations may not be satisfied simultaneously with the equilibrium principle and the constitutive law.
Strain quantization
According to equations (3.18) and (3.19) , operators D q and P q are dependent on the strain value at the element center point, ε. During the static loading, strain magnitude as well as internal force p ε = EAε (or stress s = p ε /A = Eε) increases. There are now two questions:
1. As strain and internal force (or stress) may not be measured simultaneously, how can they be associated with each other, as e.g. in the well-known Hooke's law?
2. How does strain grow during the static loading; in a continuous or discrete (quantum) manner?
From the viewpoint of quantum mechanics, strain and stress, like position and momentum, can be recognized as a Fourier conjugate pair (Anderson 1971 , Zachos et al 2012 . The relationship between the two can thus be described in a phase space which, in contrast with the classical mechanics, is specified by a distribution rather than a curve. Therefore, the stress-strain diagram must actually be interpreted as a two-dimensional distribution of some density variable f in the phase space (Any discussion about the density variable f is out of the scope of the present research.) Suppose that f is defined as a function of strain f (ε), and F (σ) is its Fourier integral. According to the uncertainty principle of position-momentum, it can be written that (Griffiths 2004) 
where is the Planck constant. Therefore, the following uncertainty relation exists between stress and strain:
According to the definition of the elastic modulus E = ∆σ/∆ε, the following lower limit is obtained for the strain:
where ∆t represents the amount of time it takes the expectation value of strain to change by one standard deviation (Griffiths 2004) . With the usual magnitudes for E, A and L, the standard deviation for strain or stress must inevitably be very small, so that the twodimensional density distribution in the phase space σ − ε takes the well-known form of the stress-strain curve. Figure 4 illustrates a schematic view of the concept, where the density function f is arbitrarily described as a chirp function in terms of ε. Its short-time Fourier transform (STFT) will result in a spectrogram like the schematic one shown in figure 4 . Since the width of the strain window can be very small according to the uncertainty relation, equation (4.3), the diagram, in a macroscopic scale, might easily be represented by a simple line, with a slope equal to the modulus of elasticity E. Therefore, strain must be assumed as a quantized entity:
which increases or decreases discretely. It is also notable that in quantum mechanics, density distribution is usually described as a Wigner probability distribution (rather than an STFT); however, any more discussion about this subject is beyond the scope of this paper, and will be postponed to further research.
Two-element system
In this section, the quantum performance of two bar elements attached in series is investigated. Especially the state of two neighboring bar elements I and II is sought for, after enforcing BCs for the mid-node, as shown by figure 5. A two-bar element system like the one shown in figure 5 is similar to a two-qubit system, with each qubit residing in the general state of equation (2.3). Therefore, the general states of spin, force and displacement of the two-element system can be written as s = s The system state might also be expressed in terms of other bases, e.g.
which is obtained by the tensor product of Bell vectors (normalized forms of central basis vectors υ and χ) (Benenti et al 2004) . Also, the following states, known as entangled states, are useful and important (Benenti et al 2004) :
The total spin of a two-qubit (or equivalently two-element) system (comprised of two qubits I and II) is defined as (Griffiths 2004 ) The S 2 operator has a triply degenerate eigenvalue 2h 2 and a non-degenerate eigenvalue 0 with the following eigenvectors:
Any linear combination of the eigenvectors corresponding to the degenerate eigenvalue 2h 2 in equation (5.13a) can be considered as an eigenvector for the operator S 2 . When total spin is measured, the two-element system collapses in an eigenstate (either the linear combination of the states in equation (5.13a), which is known as triplet state, or the state in equation (5.13b), which is known as singlet state). It is easy to check that the eigenvectors in equations (5.13a) and (5.13b) coincide with those of S z ; however, they are not the same as the eigenvectors for S x . Therefore, they cannot be measured simultaneously.
Since S 2 and D operators are commutable, eigenvectors in equations (5.13a) and (5.13b) can be considered for the displacement operator of the two-element system. Thus, alternatively to equation (5.2), the general state for the displacement of the two-element system might be described by
14) The first and second braces contain the triplet and singlet states for the displacement, respectively. The coefficients are physically meaningful and equal to d 00 = d Figure 6 . The proposed iterative procedure to implement static analysis for a set of two-element systems.
3. Any new measurement of force/displacement disturbs the previous displacement/force measurement.
It is thus impossible to find nodal displacements and forces on a single enforcement of force and displacement BCs. Instead, a procedure should be devised in which a large number of measurements (BC enforcements) can be implemented sequentially, rather than simultaneously. Such procedure is possible by implementing a loop which consecutively enforces displacement and force BCs for the whole set of two-element systems of the FE mesh, as shown by figure 6. The presented procedure is devised according to the wellknown structural relations in equations (3.21)-(3.26), and their quantum interpretations are reported on the same figure. Thus, the FE static analysis of the bar structure can quantum-mechanically be prescribed as successive enforcement of displacement and force BCs over all two-element systems of the mesh. Such procedure provides the opportunity for any arbitrary large number of measurements required for the desired accuracy (this makes the first difficulty vanish). In the proposed procedure, displacement and force BCs are not enforced simultaneously (this makes the second difficulty vanish); and finally, it is devised in such a way that previous disturbed measurements are successively modified (this makes the third difficulty vanish).
The procedure for FE static analysis of the bar structure shown in figure 1(a) , as depicted by figure 6, is as follows:
For all bar elements in the mesh: 5. Displacement BCs (nodal compatibility) are enforced. In this step, displacement information is interchanged between neighboring elements, as a consequence of entanglement of two-element systems, according to equation (5.15). The displacement for the leftmost node is also set to zero.
6. q is obtained from d , which was updated in the previous step, according to equation (3.25) .
7. p q is found based on equation (3.23) .
8. p is obtained from equation (3.24) (in this step, elemental equilibrium is satisfied; however, nodal equilibrium is disturbed).
9. Force BCs are enforced. Nodal forces are updated according to the state in equation (5.17) (in this step, nodal equilibrium is met, but elemental equilibrium and nodal compatibility criteria are disturbed). The calculations are now resumed from step 2.
At steps 5 and 9, displacement and force BCs are established, or in a quantummechanical sense, measurements on displacement and force observables are performed. Displacement measurement at step 5 changes the state of the two-element system, and disturbs the previous force measurement in step 9. The forces do not thus satisfy equilibrium at mid-nodes of two-element systems (step 8). It is therefore necessary to perform force measurement at step 9, where two-element systems of the mesh collapse into new states. This disturbs displacements previously measured at step 5. Thus, it is required that displacement BCs are again enforced in the step 5 of the next iteration, and the process is successively followed until required convergence is achieved. Figure 7 illustrates some snapshots obtained by implementing the above procedure for the described four-element mesh with p, E, A and L set to unit values. Figure 8 presents the snapshots for the beginning iterations of the procedure. Both figures, and especially the latter, clearly display the process of displacement and force data transfer along the whole bar. Data transfer is implemented at steps 5 and 9, where entangled states are used. The illustrated data spreading over the whole bar should thus be considered as a response to the second question in section 1.
Conclusion
In this paper, it is shown how FE discretization of a 1D bar continuum prompts quantum behaviors. The two-node bar element is introduced as a two-level quantum particle whose observables, displacement and force, can be measured. The quantum concept of measurement is physically defined as displacement or force BC enforcement. A new observable, virtual spin (similar to the one that exists for a quantum particle), is also defined for the two-node bar element. This paper presents responses for the two fundamental questions brought up in section 1, in a quantum-mechanical sense. As a response to the first question, it was shown how the uncertainty principle obstructs the opportunity to define both force and displacement BCs on a boundary point. In fact, the inherent inability for simultaneous measurement of displacement and force provides a condition in which no certain judgment can be made about nodal force/displacement when displacement/force is known.
In responding to the second question in section 1, the paper provided a quantummechanical description for FE static analysis of 1D bar. Based on this, an iterative procedure was devised to implement such analysis, through successive enforcement of displacement and force BCs over all two-element systems of the FE mesh. The procedure provides a framework to perform sufficiently large number of non-simultaneous measurements for displacements and forces, and clearly displays how boundary data transfers and spreads over the whole structural system. Such quantum-mechanical analysis at macro-scale is favorably desired, since:
1. A unified mechanics might be used for both micro-and macro-scales. 
